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On almost primes

H.J.A. Dupare

Several authors [7][2] proved the existence of an infinite number
of composite m for which Zm'q = 1 (mod m), These numbers m are sometime
called almost primes.

In this note it will be proved that if a is an arbitrary gilven
integer > 1 there exist infinitely many composite m with

(1) a™ 1 = 4 (mod m).

Such numbers m will be called almost primes. In the case a=2 a
table of all such almost primes <<1O8 has been given by Poulet {37 .

Three proofs of thig assertion will be given. The first runs
similar to that of Sierpinski who proved that M=2"-1 is almost prime
if' m 1is so; the secongnis a generalization of Jarden's method who used}
numbers of the form 2 + 1. Moreover a third proof is given which is
shorter than either of the two others.

Theorem 1. For every integer a>1 there exlsts an almost prime m@
Moreover to m the supplementary condition (a-1,m)=1 may be imposed. |

Procf, For a=2 the number m=341 satisfies.

2a
Let further a be an odd prime. Then one may take m= a ?”1
In fact obviously m 1is composgite. Further a -1
2a-2 : o
a 1. 2284 2=, 4 1+ 1 = a-1=0 (mod 2),
a =1
hence
2a _2
c —'2 @ S o b
2(92—1)1 ae? 1, 2a | 228 - mo1, a3 a_q11a™ "9
o
a” -1
and consequently
m! am"q-ﬂ,
Moreover any prime divisor p of a-1 satisfies
2a g e -
m= 2 2"1 = a8l % s A= bt A + 1=a=1 (mod p),
a1 *

nence pfm and (a-1,m)=1. a
Finally conslder the case a is composite., Then obviously m= 2_;1

is also composite and further
a%-a a m-"1
a}~§tﬁ~= m~1, hence mla -1]a - =1

Moreover as before any prime divisor p of a-1 satisfies
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a® -1 a-1
= S5 = tooot @ +1=1 +,...4 1+ 1 =2a=1 (mod p),

hence pm and (a=1,m)=1.

Theorem 2, For every integer a> 1 there exist infinitely many a-
almost primes,

Proof. Let m be a composite number satisfying (1) and (a-1,m)=1.
Then

m
_ a1

M= M(m)= ——

is also composite, satisfies also (1) and (a-1,M)=1.

The first assertion is obvious.

Further one has

mfam—1~1‘am—as(awﬂ)(M*ﬂ)s

hence mlM—ﬂ in virtue of (a-1,m)=1. Then Mlam—ﬂkam'q_ﬂ,

The last assertion follows from the fact that every prime factor
p of a-1 satisfies pf m, hence

M=a™T .+ a s 4=1 4.4 1 + 1 = m£0 (mod p).

Now for a given a>1 first introduce the number m,=m of the pre-
ceding theorem, Then by the above argument every member of the sequence
MMy defined by

My q= M(m, ) (h=0,1,...)

ig an almost prime.
Remark,  IF m, POSBESECS 8 different prime factors, then LU will have
at least s+1. Conseguently there exist infinitely many almost primes
with at least s different prime factors.

Now the sccond proof of the existence of infinitely many almost
primes will be given. '

Theorem 3, Consider the sequence of integers

. h-1
uh:(ad ‘1)/Kaa -1)(h=1,2,...). Then for,positive integersnand m
satisfying 1’1<mgan“/I one has u_u h nme g,
h Tk ke ho | u -1
Proof, ITf h-iiak'/l one has atha e }uk~1. Hence uh}aa -1}3 —
Conscguently
u_ = u_ =1 u -1 u_ -1
n . n m m
un\a -1, um\a -1, unga -1, um}a -1,
which leads to
u_ u_-1 u u_~1
nom n'm
(2) u, @ -1, u |2 -1.

Further (un,um)=1. In fact let p be an arbitrary prime factor of U -



m--

Then pgaa -1 since m-12n, Now

m=T1, m=1

u=a® (a1 e =1+...+1+1=a% 0 (mod p).
m
Thus p%fum and (un,um)zﬂ. _
Then (2) yields uhum}a P 1 ang infinitely many almost primes
uu, are found.
n, -1

Remark, For n,<ny ceen L A T .1 one rinds in a similar way from
He—— [ b

(2) that the number unqunpc,.unﬁ is an almost prime., Hence there
exist infinitely many almést prgmes with at least s different prime
factors.,

Finally a third proof will be given, first in its most simple

version, then in a2 little more complicated generalized form,

2p

9] -

Theorem 4. Let p be a prime not dividing a“-1. Then m= §§——;l
a =1

18 an almost prime.
Proof, First 1t is proved that m-1 is even. In fact if a 1s even,

obviously m is odd and fthen m-1 even. If however a 1s odd one has

mo= 2P % 42l me. .+ 141=p =1 (mod 2).

. 2p .2
() - - 2
Further plﬂp~a]agp-ac, hence p ﬁ-§—§~ = m=1 in virtue of p* a~-1.
Consequently 2plm~1. Then a"-1

. \
20 Y m-"
) F—ﬁgn -1

m ] a
P

- AP
o -

'q . —- 15 composite, which proves the theorem.

a4

o

Finally m=

Remark. In the case p=2 the number m is also almost prime provided
[}
2"4+1 be composite.

"

. ) , 2 . : . 2
In fact since 2.4 7-1 the number a is even, hence 4|a“=m-1

m = ng+4 }ﬂq-ﬂzamuqu

g
This theorem glvecs again the exigtonce of infinitely many almost

0
: L . aQct..
nrimes, Here they are of the form m= L~§~l where p runs through the

a7 -
infinite set of all nrimes,. ar-l
The above mentioned generalization of theorem 4 is the following:

If an integer k satisfies the relation (k,ak—1)=1, then for every

nrime number p with p% k(ak-ﬂ), k]akp-ak the number m= 201 is almost
nrime, (The special case k=2 is the above treated more a~-1 simple
theorem) . ko K

In fact one has k{a =@ - m-1 and further using Fermat's theoren
p}akp~ak, hence p}m—1 a -1 since p%’akuﬂ. Consequently kp’m-ﬂ and
m;akp-ﬂfam"q-ﬂ. Moreover obviously m is composite.

Applications, The case k=3 requires that 3%’33—1, i.e. a§é1 (mod 3),




I

Then if p#2, p#£3, p4’33~1 one has a3p«a3—~a-a 0 (mod 3), and al}
conditlons of the theorem being satisfied one concludes that m=

18 on almost prime, am-1

The case k=4 requires a4—1 to be odd, hence a even., Then for every

odd prime p with'p ﬁ4—1 one has nquzan(mod 4) and the theorem gives

p
that m= -E—j‘iu almost prime,
The case k=5 requires 5,%35—1, i.e. a;éﬂ (mod 5). Further p#5,
plfa“-ﬂ. Moreover 5135p~ab will hold for all a if p=1 (mod 4), whereas
in the cose p=3 (mod_4) one has to take a=0, 2 or 3 (mod 5). Under

" abpl
these conditions m= 3 5 1
a~~"1

As a last example consider the case k=6, Then 2%/3 -1, 3{’8
gives-62a. Further one go to take p#2, p3£3, p%fa -1, Since then
bl

6$a6p~a the number m= “”6*“'i° almost prime.
a -

is almost prime,
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